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1. INTRODUCTION

Let f be a function defined on the infinite interval [0, cv). The
Szasz—Mirakyan operator S, applied to fis

& k
=\ -
S.70)= X 75 putme) (1.1)
where
()= e _/td .

In 1950 Szasz [1] proved':

THEOREM A. If f(t) is bounded in every finite subinterval of |0, c0), is
equal to O(t*) for some k > 0 as t - oo, and is continuous at the point t = x,
then S,(f, x) converges uniformly to f(x).

Later on, in 1971, Grof [3] gave the following estimate for the rate of
convergence of S,(f, x) when f(t) is continuous on |0, 0 ):

' Mirakyan |{2] considered the partial sum w,, ,(f; x) of S,(f. x),
< k
Vnalfi)= X f( =) Pt
k=0 n
and proved that lim,_, _ v, ,(f, x) =/(x) uniformly in |0, r'{, if lim,_,, (m/n)=r>r" > 0.
We do not consider this matter in this paper.
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THEOREM B. If f is continuous on [0, o0) and is equal to O(e**) for
some a > 0 as x— oo, then for all A > 0,

S fix)—f(x)=O(w,,(fin" ")), x€10,4], (1.2)

where
w,(f;8) =sup{| f(x + ) —f(x): || < F, x € [0,4]}.

It is easy to see, by considering the function f(¢) = |t — x| at the point  =x
(x > 0), that this result is essentially the best possible.

This result was improved by Hermann [4] in 1977. He showed that (1.2)
holds if f{t) = O(t*") (& > 0). He proved in the same paper that the series in
(1.1) does not converge if f(¢) > t*”!, where ¢(t) is any monotonically
increasing function such that lim,_,  ¢(¢) = oo.

In this paper, we shall study S,(f, x) for functions of bounded variation
on every finite subinterval of [0, co) and prove that S,(f, x) converges to
1(f(x + 0) + f(x — 0)) under Hermann’s condition on the magnitude of f by
giving quantitative estimates of the rate of convergence. We shall also prove
that our estimates are essentially best possible.

2. RESULTS AND REMARKS
Our main result may be stated as follows
THEOREM. Let f be a function of bounded variation on every finite subin-

terval of [0, o) and let f(t) = O(t*") for some a >0 as t - oo. If x € (0, 00)
is irrational, then for n sufficiently large we have

S0 =40 47 < N R
O(x‘ 1/2)

| fx) ~ )

+ 0(1)(@x)*x(nx) 172 (%) @
where V%(g) is total variation of g on [a, b] and

8 =f(O) =S (x+), x<i<oo,

:0’ [:x’

=ft)—f(x—), 0<i<x
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The right-hand side of (2.1) converges to zero as n-— oo since the
continuity of g () at ¢ = x implies that

Viti(g,)—0 (60— 0+).

Remarks. 1If fis not constant in any neighborhood of x then
(dx)*(nx) =1 (i) Y <Ly (2.2)
4] T opx 0ex

for n sufficiently large. So in that case (2.1) becomes

1,073 3 () e < i)

n k=1

-~ 1/2
+ 2 D ren s @3)

If, in addition, f is continuous at x then (2.3) can be further simplified to

4+x)x!
n

|8,(f, x) —f (%) < \‘ V”X/f(f) (2.4)

for sufficiently large ».
If, however, f is constant in some neighborhood of x, then since

V”x/ \/—( f) =0 for all except a finite number of k’s, we have
N Vi‘”/f(f) =c

for some positive constant ¢ (depending on x). Using this and (2.2), (2.1)
becomes

c(4 + x)

|S,.(fs x) =S () < (2.5)

for n sufficiently large.

As far as the precision of the above estimates is concerned, we can prove
that (2.4) cannot be asymptotically improved. Consider the function
S =|t—x| (x> 0) at r=x. From (2.4) we have

4+x " Vx+x

nx‘;

1S,(/sx) =S <

Vi)
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Since VX*3(f) =24, it follows that
2(4+x) \ L 44t
= Vk o Vn

On the other hand, by a result of Szasz [, p. 240|,

|S,(fs %) =S ) <

o

IS, (f,x) =S )= Y

p—

k=0

——x| p,(nx
" pi(nx)

e (nx)ln.\']
[nx]!

S (2x/ne*)"?

=
e

= 2xe

Hence, for the function f(¢) = |t — x| (x > 0), we have

(2x/7ze“)”2

4
e <is s < 0

Therefore (2.4) cannot be asymptotically improved.

3. LEMMaAS

The proof of our theorems is based on a number of lemmas. The first
lemma originated in one of the questions posed by Ramanujan in a letter of
January 16, 1913, to G. H. Hardy. A complete proof of this lemma was
given by Watson [5|, Szegé [6], and Karamata [7].

LemMMA 1. If x is a positive integer, then
x x’ x* 1
I +—+?+ O =e
where 6(x) lies between 4 and 5.

For an arbitrary positive number x, we have

LEMMA 2. If x is a positive number, then

|.x)
e ™ N al

1
st 0(1/\/x).
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Proof of Lemma 2. Set n= (x]. Define a function w(¢) on [n,n+ 1) as
k

n‘ t
p()=e™" 3 —
k=

OI, 1€ [n,n+ 1)

Since

n

t
! —_ _p—t
w'(t)=—e pr <0,

if nt<n+1 we have

w((n+ 1) =) <w() Swy(n).

In particular

Ix] k
p((n+1)-)<e™ ¥ S <p(n).
iZo k!
By Lemma I,
n nk [x] [X]k
—e " N\ —p ) N0 2L
v=e " Low = K
1 s [x][x]

= e M (=6l

wn+1)=)=e "*V \”’ (n+1)“=e_(m+” [Vx‘! ([x] + D*

= k! oy k!
Lo (] +
. xnp MXITA) 1
5 (x5 0 o([x] + 1),
also
kX 1
e F - ;
k! 2nk
hence

IXJ 1

1 1 x xk 1
770 ()it n<e ¥ <g o (o) ey

Lemma 2 now follows immediately from the fact that 8(x) is bounded.
Lemma 2 has an evident application in probability. The function S,(f, x)
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corresponds to the Poisson distribution, using the terminology of probability
theory; the distribution function is

[x} —a,k
~ e "a
PX <x)= Y —1

izo K

with parameter a > 0. If @ = nx for some x > 0, then, by Lemma 2,

o) e (ax) 1
PX <nx)y= > e_%)i)_27+0( )
k=0 ! Vnx

This result cannot be proved directly by applying the Central Limit
Theorem; there is a similar result when x is a positive integer (see, e.g.,
(8, p. 302]).

The following lemma was proved by Szasz (see [1, p. 239]).

LEmMA 3. “If x is a positive number, then

k
- X
—X \
e ) — £ =5.
— 1 52
Tk—x|28 k 5

X

Lemma 4 is a Ramanujan-type result. The second part will not be needed
in the proof of our theorems. It is given here merely because of its own
interest.

LEmMMA 4. (i) If 2x is a positive integer then

o0 k 2x
SRR
e k! x) (2x)!

where 8(x) lies between 2\/e — 3 and 1.
(ii) If x is a positive integer, then

xx xx+l x2x—l XZX 1 .
it ero T T oty P =7

where a(x) lies between  and 3 and f(x) lies between 2(\/2 — 1) and 2.

Proof of Lemma 4. 1t is easy to see that, when 2x is a positive integer,

X = Vit xMkl  x N x?
xZ/2x) 2x4+1 0 2x+2)2x+ 1)

xl

M T T E N VA

8(x) =
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We shall adopt this equality as the definition of §(x) for all x >14. It is
obvious that §(3)=2+/e —3 and lim,_ 6(x) = 1. Therefore (i) will be
proved if we can show that d(x) is an increasing function. However, this
follows immediately from the fact that

X . %
y@x+0) CTHo @r+i)°

j=1,2,3,.,

if x <.
Part (ii) is a direct consequence of Lemma 1 and (i).

LEMMA 5. If x>3, then

1 e\” x* 1 e\~
(S g Eae (L)
" Vx <4> S S\
where ¢, = (2 \/E ~3)/2+/7me and c,=\/e/4n.

Proof of Lemma 5. First, let us assume that n < x < n + 3, where n is a
positive integer. Define a function w(t) on [n, n + 2) as

w(t)=e™! S_O: kl:, tE [mon+3).
k=2n+1 .
Since
t2n
W'([)Zeft—(z—n)T>Os

if n<t<n+3, we have

w(n) <w(t) < wl(n+7)—)

In particular

e 5 G ()

k>2x

By Lemma 4 and Stirling’s formula,

* ok 0 x]*
w(n):e_" Z _plx]
k:LZZ+1 k k=2[x}+1 k,
x 2[x]
— e 141 ([x]) <]

2[x])!
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1 e\ 1
2—\/—[?T<T) :1—“\/—;5(“])

>—— (5] — =l

Vx V4 2\/re
o e

kf‘Z_;+l k'
& (x] + Y2

k=2[x]+1 k

4]

— e lx-12

< 1 e\ 1
S—7—— (- —= (1456 +—))
) g (i)
1 e \* e 1y
<——(—) (1+5(x +—)).
VATV L
Therefore, when n < x <n+ 4, as &(x) lies between 2\/(;-3 and 1, we
have

_ 1 x . k "—— x
2ve—3 (i) Le ™ D _)f__g f,’__e_._l <_e_) (3.1)

2/7e Jx \ T kT N A e

Next, if n 4+ 3 < x < n+ 1 for some nonnegative integer n, we define w(f) on
[n+3,n+1)as

o k

3 t
wty=e ' N L L€ |n+i,n+ 1)
k=2n+2 .

Along the same lines, we can prove that, when n + 3 < x <n + 1 for some
nonnegative integer n, e™* Y, _, x*/k! satisfies again (3.1). This completes
the proof.

The last lemma of this section is similar to a result in Hermann’s paper
[4], but has a more precise estimate.

LEMMA 6. For any fixed positive numbers a and x,

. k alk/n) 3 2x_+_1 a(2x+ 1)/ n 1 e x
Y (5 aew<y (2 (<)

k>2x n, n \/_7&

if n is sufficiently large.
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Proof of Lemma 6. Let

k a(k/n)
b, = (—) P(x), k> 2x.

n

By a simple calculation we can show that

bk+1
<
b, °

2
3
if n is sufficiently large. Hence, if k > 2x,

lZX]+1 a{|2x]+ 1}/n
“*”‘"”—) P|2x1+1(x)

; alk/n)
Y () <=3 (2

k>2x

2x+ 1 al{lx+1)/n
) Piaxy+1(X). (3.2)

<3
(]

By Stirling’s formula

p[z 1+ 1(,‘,) < (el —(x/(2x]+ D) +log(x/(12x]) + 1)))[2x] +1
X - .
4nx

Since the function g(y)=1—yp+logy is increasing on (0,3] and

g(3)=1—1log2 <0, we have
1

pl2x]+1(x)§ (91/2—|0g2)|2x]-1

g (61/27“’82)2,\'

j

4nx

- \/:? (%) (3.3)

Lemma 6 follows immediately from (3.2) and (3.3).

If, in Lemma 6, we replace x by nx, then, when n is sufficiently large, we
get the inequality

k a(k/n) 3 1 e\ ™
N (—) nx) < — (4x)** — (—)
K5Tnx \ M Pi() 2 (40) nxm \ 4

which is what we really need in the proof of our theorem.
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4. PROOF OF THE THEOREM

For any fixed x € (0, o), define g, as
gx(t) :f(t) _f(x+)9 x <t < oo,
=0, t=x, (4.1)
=fO)—f(x-), 0<i<x

g, is continuous at ¢ = x and inherits all the properties of /. Using (4.1), (1.1)
can be written as

S, (2) = 8, (o) + LS ) Sloxt) S )

X (4,(x) — B,(x)),

where
k
5 N hx
A,x)= Y pnx)=e " N ( .) ,
k>nx k>nx k
k
R Al nx
Bn(x): ,\_, pk(nx):e~m .\__ ( y)
k< nx k<nx k!
Hence

|8,/ %) = 2(/x4) + /(=) <[ S8 XN + 2 [ (r+) =/ ()]

X |4,(x) = B,(x)|. (4.2)
By Lemma 2,
B()=5+0 ( \/% )
and

A"(x)zl—B”(x)=—;—+O< ! )

T

Therefore, for the second summand on the right-hand side of (4.2) we have

7 60 SN A,) = B, = 0 () )~ (43
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and our theorem will be proved if we establish that

B+x)x ' & +x/
|Sn(gx’x)|<—n_ ; V:: x/\/_( x)
+ 0(1)(dx) " (nx) =12 <-:_) (4.4)

for suffciently large n.
To do this we first observe that S,(g.,x) can be written as a
Lebesgue—Stieltjes integral

S8 )= 80 d K, .1, (4.5)

where the kernel K, (x, t) is defined by

K,(x,)= Y plnx),  0<1< oo,

k< nt

=0, t=0,

the so-called Poisson distribution of probability. We decompose the integral
on the right-hand side of (4.5) into three parts, as

|| 0 d K0 =L,(f5) + ML)+ R(x). (@46)

where

x—x/\/n
L= g dKyx ),
x+X/ﬁ
M) =] D K0,

R(0)= 8 0dK w0

x+x/\/n

We shall evaluate consecutively M, (f,x), L,(f.x), and R,(f x). For
tE [x—x/\/n, x +x/\/nl,
x/f

| €. =180 — g < Vi 2 V(8-

Hence
x xtx/v/n
ML) < VIR - | 5 Akt )

x—x/\/n
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Since
b
J dK,(x1)<1 for any [a, b] < [0, ),
a
therefore
+x/
IM(f 0l <Vl /f(gx) (4.7)
Next, we evaluate L,(f,x). The method used here is similar to the

approach used by Bojanic and Vuilleumier [9].
Using partial integration with y = x — x//n, we have

Yo
L(f,%) = &y Kyw y+) = | K, (x.0)d, g,(0),
where K, (x,t) is the normalized form of K,(x,7). If 0 <y < oo, then
K,(x, y+) =K, (x, ) and

| 8+ =1 8(¥+) — g N < V3, (g0

where V7, (g,) =lim,_,, (g.). Therefore

y+£

LN <V (8 Koso0) + [ Ryl 0 d(-Vi8)

Since K ,(x, t) < K,(x, ) on (0, ) and since by Lemma 3,

K, (x,0)= > pnx)<x/n(t—x),,  0<t<x

k<nt

we have

LSO <V (8D Klory) + di(—Vi(g.)

0+ (£— )2

1
e V(g

Since, for nx > 0,

640/40/3-4
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and

X Y X +
_ 0+ (t )2 d( V(gx))+—V0 (gx)

x 1 "
= 7{0 = d(-Vi(g:)

it follows that
x x v 1

L.(f, %)< V3 ——t —| ——d,(-V7 .

R R O e A o L (G A CR)
Using partial integration again, we have
V(g , Vg
(x—py X

dt

x—n*"

[ =g dtvien=-

Y
+ ZJO Vi(gx)

Hence

X (VHED 5 (
Lo <o (PRE2 2 [ vite) o).

Replacing the variable ¢ in the last integral by x — x/\/;, we find that

x—x/\/; . dt 1 n .
J, VeI =g, Vieedd

n

~

1
2_" x x/\/_(gx)

Thus

L (0l < (Vs (e + > Vi avi(e)

1
nx
2 n
<Y Vi) (48)
k=1
Finally, we evaluate R, (f, x). Let z=x +x/\/; and define Q,{(x,?) on
{0, 2x] as
Q.(x,t)=1—P,(x,1—), 0<1< 2x,

=0, t=2x.
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Then

R0 =~ 80d, 0,000 ~£20) Y pylme)

z k>2nx
e 0]
+] &0 diK, 0
=R, + Ry, + Ry, (4.9)

Using partial integration for the first term on the right-hand side of (4.9), we
get

Riy=8.-) Q0 2=) + [ O(x. 0, £,0)

where Q,(x, ¢) is the normalized form of Q,(x, ¢). Since Q,(x, z—) = Q, (x, z),
0<z< 1, and |g(z—) < V3 (g,), we have

RISV (€ Qun 2+ [ Oulx 04, V8.

Since by Lemma 3

Q,(x, t)— > pi(nx) < x < t<2x,

k>nt ( —X)2 ’

and since Q,(x, ) < Q,(x, t) on [0, 2x), we have

X X

2x — 1 .
n(z — x)z + _ﬁ—jz ([ — x)z dt Vx(gx)

1 [ o
+7< N pnx) VE_(g)-

k>2nx

‘R1n| < Vfc_(gx)

Next, the inequality

(3 Puln) | Vi (£ € i)"x Vi (g)

v
k>2nx = nxXm 4

1
< — VZx
= nx 2x—(gx)

which follows from Lemma 5 and the identity

X

2x— 1 2x
7£ (z_—}—)z—d V'(gx)+ V“ (&)= J dtVi(gx)
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imply
X x 2 1 ,
n(z — x)z + —H—L (x— 1)2 d, Vi £x)-
Integrating by parts the last integral, we get
V“(gx) Vi (8,
(¥

@
(t—x)*"

IRlnl < V;_(gx)

2x 1
J‘z (t _ x)2 d Vi’( x) -

+2 j Vi(e,)
Hence

R, l<_(V“<g,f)

w2 Ve )

Replacing the variable in the last integral by x + x/\ﬂ, we find that

_l_n x+x/\/l_
[ Vi) x)3 o) v g dr

<5y 2 Ve
Therefore
Rl <o (V2204 X 7o)
<=3 o) (4.10)

The evaluation of R,, is relatively easy. By Lemma 5, we have

Ryl < 825 m)——

But

n

| g.(20)| < z vitivk(g,)

and
1

1
R S Q—
V hxn (4/e)"  nx
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Consequently
n
IR, < Z vitvi(g,). (4.11)

Finally, by Lemma 6 and the assumption that f(¢) = O(t*") (a > 0) as
t — oo, we see that for n sufficiently large,

(k/n)
IR, | <M >_ (7) Pi(nx)

k>2nx

M 1 \*
<= (@x)te (i) (4.12)
2 Vnxn \ 4

for some positive constant M.
Hence, from (4.10), (4.11), and (4.12), we obtain for » sufficiently large,

n

3 h dax —1/2 "
R0l X Vi g) + 0@ () @

Equation (4.4) now folows from (4.5)—(4.8), (4.13), and the fact that

n

+x/ 1 +x/
V; /\/_(x) 71Vx /\/( o

=
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